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Abstract 



We present an effective four-dimensionai formulation of the laws of grav- 
ity that respects the main features of a higher (five)-dimensional scenario of 
Randall-Sundrum type. The geometrical structure of the theory is that of a 
Weyl-integrable configuration. Standard general relativity over Riemann ge- 
ometry is recovered through breaking of conformal symmetry. The singularity 
problem is treated. The local problem in the case of the static, spherically- 
symmetric Schwarzschild metric and the cosmological issue, in the case of 
Friedmann-Robertson- Walker perfect fluid filled universe, are treated sepa- 
rately. Vanishing of the spacetime singularities for some values of the free pa- 
rameter of the theory is achieved. The implications of the results obtained for 
brane stabilization in the higher-dimensional structure are briefly discussed. 
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I. INTRODUCTION 



There are two main ingredients that enter the basis of the unification scheme of the 
fundamental interactions. First, multiple dimensions are required. In fact, modern field 
theory suggests spacetime to be 4 + n-dimensional (n = 6 for string theory and n = 7 for 
supergravity) . It is usually assumed that the additional dimensions may be compacitifed 
down to size of the order the Planck length or below so they are not observable. However, 
recent developments suggest that some of the additional dimensions may have compactifi- 
cation radii larger than the Planck length without conflict with observations [|I|. Besides, 
it is possible that gravity remains confined to a four-dimensional slice of the bulk space- 
time leading to extra-dimensions being even infinite in extent 0. The above scenarios with 
large extra-dimensions start from the assumption that ordinary matter fields (in particular 
standard model particles) are confined to a three-brane (four spacetime dimensions) embed- 
ded in a higher- dimensional bulk spacetime. These models provide, in particular, successful 
resolutions of the mass hierarchy problem. Even if none of these scenarios with large extra- 
dimensions correctly describe our present universe, their potential for describing the early 
universe is obvious since there is strong evidence that the early universe underwent a phase 
where it was five-dimensional 

The second basic ingredient of the unification scheme is based on the assumption that the 
universe must evolve from maximally symmetric states into states with broken symmetries. 
The aim of the symmetry breaking mechanism is always to realize a transition from totally 
symmetric spacetimes (for instance de Sitter), where the matter content is due to quantum 
fields in a polarized vacuum state, to our asymmetric universe (for instance Friedmann- 
Robertson- Walker) with four fundamental interactions and the known families of particles. 
One of the basic symmetries that may be linked with gravitation and that must be broken at 
present is conformal (Weyl) symmetry. It consists of a conformal rescaling of the spacetime 
metric and a field redefinition. There are some interesting attempts for explaining, for 
instance, the origin of the gravitational coupling of matter and the mass generation ^ 
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by breaking of the original conformal symmetry of the gravitational theory. 

Following the above arguments coming from the unification scheme one may argue that, 
although Einstein's general relativity is the leading theory of gravity correctly explaining 
current experimental observations at present epoch in the evolution of the universe, in the 
distant past, when some currently broken symmetries were exact symmetries of the laws 
of physics (including gravity), some other effective four- dimensional theory of gravity with 
higher symmetry was the leading one (for instance low-energy string theory). The more 
important constraint on this higher-symmetric theory is that general relativity must be 
obtained from it by breaking of the additional symmetries. The same line of reasoning may 
be applied to geometry. General relativity is built over Riemann geometry. However, we 
may argue that, in the distant past, some other higher-symmetric geometry was the leading 
one. Riemann geometry is, in this context, a symmetry-broken state of the higher-symmetric 
geometry. 

Thinking along these lines one may conjecture that the minimal requirement any "ge- 
ometrically consistent" four-dimensional description of the laws of gravity should fulfill is 
that the effective action for the theory and the geometry over which it is built must share 
the same symmetries. For the sake of brevity we shall call this as "geometric consistency 
conjecture". This conjecture may appear naive, however it rules out, for instance, Brans- 
Dicke (BD) theory in its usual formulation ||^. In fact, the pure gravitational part for BD 
theory S = J d'^Xy/—ge^'^{R — LuiVipY), where R is the Ricci scalar, tjj is the BD field and 
u is the BD coupling parameter, is conformally- invariant. Even the presence of radiation 
matter fields does not break the conformal invariance of the theory(see for instance Ref. 
and references therein). Nevertheless, BD theory is built over Riemannian spacetimes that 
do not posses the conformal symmetry. 

Weyl-integrable geometry (WIG), instead, respects conformal (Weyl) invariance. It is, 
precisely, its distinctive feature. Moreover, variation a /a Palatini of the above effective action 
for Brans-Dicke theory, leads a posteriori to spacetimes of Weyl-integrable configuration as 
the basic geometric structure of the theory rather than Riemannian spacetimes (see, for 
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instance, Ref. 0). Therefore a kind of Brans-Dicke theory over Weyl-integrable geometry 
leads to "geometrical consistency" being recovered and, at the same time, is more in the 
spirit of the unification scheme of the fundamental interactions. 

Usually, higher- dimensional and higher-symmetric theories are built by postulating the 
higher-dimensional equations for the theory. From this higher-dimensional formulation 
four- dimensional physics is recovered by using different procedures. One example is five- 
dimensional Kaluza-Klein theory where the compactification procedure is used. Recovering 
of four-dimensional physics in other alternatives as, for instance, the recently proposed 
scenario of Randall and Sundrum with a non-compact extra-dimension p|, relies on the 
confining of the matter degrees of freedom on a four- dimensional slice (brane) of the bulk 
spacetime. These higher- dimensional descriptions are, in general, difficult to manage since, 
in most cases, complicated junction conditions should be imposed on the fields that are 
present in the theory |[T0[] . 

The present paper is aimed at a derivation of a four- dimensional effective theory of grav- 
ity that should be embeddable in a five-dimensional "distorted" Randall-Sundrum brane 
scenario. Unlike the standard approach starting by postulating from the beginning the 
higher-dimensional equations of the theory, in this paper we shall develop an alternative ap- 
proach that is based on an essentially four-dimensional way of thinking. We start with the 



Randall-Sundrum scenario improved in Ref. |TT| and then we "distort" it by relaxing some 



requirements as, for instance, orbifold symmetry and Poincare invariance. Then we elabo- 
rate on this "distorted" five- dimensional brane scenario by studying the effective geometry 
induced on the four-dimensional manifold. It results in a Weyl-integrable geometry that may 
be seen as a distorted Riemann geometry. The next step is to postulate a four- dimensional 
theory of gravity that may be embedded in the higher-symmetric structure, i.e., a theory 
sharing some of the basic properties of the "distorted" brane set-up worked out previously. 
For instance, the theory we search for should be built over Weyl-integrable geometry, then it 
should be Weyl-symmetric. Besides, the matter degrees of freedom of the theory should be 
coupled to the metric induced on the "visible" brane of the higher- dimensional scenario in- 



stead of the four-dimensional "Planck" metric. There should be in the theory some "signal" 
from the extra-dimension, etc. 

The resulting four- dimensional effective formulation of the laws of gravity is intended to 
describe physics over a time scale extending from (approximately) the Planck era to the con- 
formal symmetry broken era. Once conformal (Weyl) symmetry is broken, four-dimensional 
general relativity and, consequently, Riemann geometry over which it is built, are recovered 
from the present description. In other words, general relativity over Riemann geometry 
must be seen as a Weyl symmetry broken state of the effective formulation presented in this 
paper. 

Although Weyl symmetry at present is broken on cosmological scales, it may be argued 
that, near of gigantic concentrations of energy where the four-dimensional slice (brane) which 
we live in may be considerably distorted or bent in the extra-dimension, Weyl symmetry 
should be an exact symmetry of the laws of physics. Consequently our brane-inspired four- 
dimensional formulation may be relevant for the description of the physics near of such 
gigantic concentrations of energy. In this sense the black hole issue is of particular interest 
and will be treated here. 

Finally it should be remarked that, since the present four-dimensional effective theory 
is embeddable in a higher- dimensional scenario, solving the equations of the theory would 
yield better understanding of the higher-dimensional structure. 

The paper has been organized as follows. In Sec. II we consider a five-dimensional brane 
scenario that can be viewed as a distorted Randall-Sundrum scenario. In Sec. Ill we elab- 
orate on this distorted brane set-up and we shall show that the four-dimensional effective 
geometrical structure it yields is one of Weyl-integrable configuration. In Sec. IV we derive 
a four-dimensional effective theory that is embeddable in the higher-dimensional brane sce- 
nario of Sec. II. The singularity problem is treated in Sec. V within the frame of this effective 
description of gravity. The local problem in the case of the static, spherically-symmetric 
Schwarzschild metric and the cosmological issue, in the case of Friedmann-Robertson- Walker 
perfect fluid filled universe, are treated separately. Vanishing of the spacetime singularities 
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for some values of the free parameter of the theory is very encouraging. The imphcations of 
the results obtained for the higher- dimensional structure are briefly discussed, in particular 
for the problem of brane stabilization. Conclusions are given in Sec. VI. 



II. DISTORTED RANDALL-SUNDRUM SCENARIO 

As a model for a higher- dimensional and higher-symmetric structure in which the de- 
sired effective four- dimensional theory of gravity is to be "embedded", we shall choose a 
five-dimensional brane spacetime. Being more specific; we shall study a Randall- Sundrum 
scenario improved in Ref. |n}]. 



In the original Randall-Sundrum-Lykken (RSL) scenario of Ref. [|rT| the graviton zero 
mode is confined on one of the branes (the "Planck" brane). The other brane is located 
a given distance away from this one in the additional y-direction. The "visible" matter 
degrees of freedom (the standard model matter fields) are supposed to be trapped there. 
Consequently this second brane is acknowledged as the "visible" brane. 

The basic ingredient of the RSL scenario is a non-factorizable metric 

ds^ = e-^^yr]nmdx''dx'^ + dy^, (2.1) 

where rjab is the fiat Minkowski metric, x = x*^ accounts for the usual four- dimensional 
coordinates and the extra coordinate y G [0,7rrc], being the " compactification radius". 
Put in simple words: the four-dimensional metric is multiplied by a warp factor. In this 
model orbifold symmetry is imposed upon the ?/-direction {y — > — y), i.e., it is required to 
work on the space S'^/Z2. In addition four- dimensional Poincare invariance is also satisfied. 
The RSL scenario relies on the assumption that the branes are already stabilized in the sense 
that their separation in the y-direction is not dependent on the time-coordinate. However, 
in general, the branes are in relative motion so it is necessary to choose a reference brane 



r^ . Take, for instance, the Planck brane to be the reference brane. Therefore, in respect to 
a chosen normal Gaussian coordinate system the y-coordinate of the " visible" brane is time- 
dependent y = y{t) [T^. The following reasoning allows generalizing of the former procedure 



to include dependence on the spacetime coordinates x in general: y = y{x). A key-point 
in standard four-dimensional theories of gravity is that any matter distribution causes the 
spacetime around it to become curved. This statement is true independent of the dimension 
of the spacetime. Consequently, any matter distribution, no matter whether it lies on a 
four- dimensional slice (hypersurface) or in the bulk spacetime, causes the five-dimensional 
(bulk) spacetime to become bent around it [|l^. This yields that the y-direction is bent 
by the effect of the standard model matter fields living on the "visible" brane. Therefore, 
we may specify the Planck (reference) brane to be located at y = and, in respect to it, 
we may pick a normal Gaussian coordinate system such that the following anzats for the 
five-dimensional line-element takes place: 

ds^ = e-2'=^(^)^„„rfx"rfx'" + dy\x). (2.2) 

In respect to this reference system the curvature effect produced by the standard model 
matter trapped on the "visible" brane is viewed as local distortions of this brane from flat 
configuration. In fact, the separation of the "visible" brane from the Planck one depends 
now on the four-dimensional spacetime coordinates. 

The five-dimensional metric of the bulk spacetime has the components Gab = 
^-2ky(x)g^^l^^^ and = 1. We see that the metric induced on the Planck brane Gatix, y = 0) 
coincides with the four-dimensional metric Qab, while the metric induced on the "visible" 
brane is (jab = Gab{x, y = ^tpoix)) = e~'^°^^^gab- For the matter that is trapped in this brane 
it is required that dy = -^dipQ^x) = 0, i.e., 4'o,ndx" = 0. However, in what follows we shall 
relax this condition by supposing that ipQ may be, also, a function of additional internal 
degrees of freedom ai coming, for instance, from additional compactified extra-dimensions. 
Therefore dipQ = on the "visible" brane yields —{dipQ/daijdai = ipQ^^dx^ so that, in prin- 
ciple, ipQ^ndx^ 7^ 0. The need for this requirement will be evident in what follows. 

In the present scenario additional "distortion" of the original Randall- Sundrum set-up 
is achieved by dropping of the orbifold symmetry and Poincare invariance. The resulting 
non-factorizable five- dimensional line-element with curved extra-direction ip may written as 



ds^ = e-^^^^^gnmdx^dx^ + ^di^\x). (2.3) 

Requiring invariance of this line-element in respect to the following coordinate transfor- 
mation 

^ x", 

i/j ^ i/j + 2lnQ, (2.4) 

where D,{x) is a non- vanishing smooth function, yields that the four-dimensional metric gab 
and the constant factor ^ should be transformed according to 

gab ^'^gab, (2.5) 

and 

respectively. In other words, the coordinate transformation (2.4) in the bulk spacetime, 
induces a conformal transformation of the four-dimensional metric together with a transfor- 
mation of the free parameter (Eq. (2.6)). This fact well be exploited in what follows. 



III. EFFECTIVE FOUR-DIMENSIONAL WEYL-INTEGRABLE GEOMETRY 

Irrespective of the concrete theory of gravity one chooses it is usually assumed that the 
five-dimensional spacetime has Riemann configuration. It is, precisely, the starting point of 
the reasoning-line to be developed here. 

Riemann structure of the bulk spacetime means vanishing of the covariant derivative of 
the five-dimensional metric 

Gab;C = 0. (3.1) 

Condition (3.1) yields, in turn, that the affine connection of the bulk coincides with the 
Christoffel symbols of the five-dimensional metric: 
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{ Bc} — 2^^'^{Gbn,c + GcN,B — Gbc,n)- (3.2) 
Matter particles would follow geodesic curves of this geometry: 

In the "distorted" Randall-Sundrum scenario proposed here (line-element (2.3)), the 
standard model matter particles are confined on the "visible" brane obeying the surface 
equation y = ip{x), such that dtp = 0. Consequently, the set of equations (3.3) reduces to 

^2 ™,ci ^ 'in ^ 

where { 1^/^ is the four-dimensional part of the Christoffel symbols (3.2) and ds^ = 
Qmndx'^dx^ = e~^ds\. In terms of the four- dimensional metric gab-, Eq. (3.4) may 
be written as 

cpx"' dx"^ dx"' ^ ^dx"^ dx"^ ^ ^dx"^ dx°- 1 ^ {'i'b) 

ds\ 2 ds^ ds^ ds^ ds^ ds^ ds^ 2 

where { are the Christoffel symbols of the four-dimensional metric Qab- 

At first sight, it seems that standard matter particles do not follow geodesies of the four- 
dimensional geometry. However this is not true. In fact, note that condition (3.1) for the 
five-dimensional metric can be reduced, in the present scenario, to the following condition 
for the four-dimensional oneQ 

gab;c = i^,cgab, (3.6) 

where semicolon denotes covariant differentiation in a general affine sense. Consequently, 
the affine connection of the four- dimensional "effective" manifold coincide with the Weyl 
affine connection 

= {l}- litbS: + - 9»ctn, (3.7) 



The other equalities contained in Eq. (3.1) are now just identities 
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where the Weyl gauge vector is the gradient of the curved extra-coordinate ip^a- This yields 
that the "effective" four-dimensional geometry is of Weyl-integrable configuration. Conse- 
quently, the units of measure of the "effective" geometry changes length along transport, 
i.e., they depend on location on the four-dimensional manifold. Hence, one should expect 
that mass units should be, indeed, functions of the four-dimensional coordinates too. In 
particular, if the standard model particle's mass is given through m = e^niQ, where niQ is a 
constant and, by defining the four-momentum of the particle through P'^ = rn^, then Eq. 
(3.5) may be put in the form 

-— + mC„-— — = 0, 3.8 
as4 as4 as4 

where, as before, F^^ is the affine connection of the Weyl-integrable four-dimensional manifold 
with metric tensor Qab (see Eq. (3.7)). Therefore, standard model matter particles confined 
on the "visible" brane follow geodesies in a four-dimensional manifold of Weyl-integrable 
"effective" configuration and their "effective" masses are functions of the four- dimensional 
coordinates through the curved extra-dimension '?/'(x).0 It is straightforward noting that 
the resulting Weyl-integrable "effective" geometric structure is Weyl-symmetric, i.e., it is 
invariant under the Weyl (gauge) transformations (2.4) and (2.5). Now the requirement 
that the curved extra-direction should depend on additional internal degrees of freedom 
becomes clear. In fact, suppose that the contrary condition holds, i.e., there are not internal 
degrees of freedom so that ip-adx"^ = 0. In this case Eq. (3.8) simplifies to 

that is not Weyl-symmetric in the sense described above. Therefore, if one is looking for 
a Weyl-symmetric "geometrically consistent" effective theory, the requirement ip^ndx"' ^ 
should be fulfilled. This together with the condition that, on a given brane dtl) = 0, leads 
to ip being function of additional internal degrees of freedom. 



^The fact that variable masses may be linked with extra-dimensions is studied, for instance, in 
Ref. in I 
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As in the original RSL scenario, in the present set-up, the brane where the standard 
model matter fields are trapped can be regarded as a probe of the geometry determined by 
the Planck brane |Tl|. 



IV. WEYL-SYMMETRIC EFFECTIVE FOUR-DIMENSIONAL THEORY OF 

GRAVITY 

We now elaborate on the distorted RSL scenario presented in Sec. II in order to search 
for an effective four- dimensional theory of gravity consistent with higher (five)-dimensional 
and higher (Weyl)-symmetric spacetime structure. 

The theory we are searching for should refiect invariance under transformations (2.4-2.6). 
Besides, following the conjecture of " geometrical consistency" presented in Sec. I, it should 
be built over an effective Weyl-integrable geometry given by the law (3.6). Moreover, the 
theory should be "embeddable" in the "distorted" RSL scenario of Sec. II. In other words, 
the curved extra-dimension ip should appear in the theory in the form of a scalar Brans-Dicke 
field. Another important ingredient coming from the "distorted" RSL scenario developed 
here is the fact that the matter degrees of freedom are coupled to the metric induced on the 
"visible" brane where they live, i.e., e~^gab- Finally, it is the hope that such an effective 
four-dimensional theory would resemble (low-energy) string theory that seems to be the final 
theory unifying the fundamental interactions. 

The effective action for the theory compatible with all of the above requirements is the 
following 

S = I d^x^e-^{R - uiy^f + lQTie~^C^{\ VA, e-^gab)), (4.1) 

where the dilaton field tp should be identified with the curved extra-dimension, R is the 
curvature scalar of the metric Qab, the coupling parameter ^ = — \ and Cm is the 
Lagrangian of the ordinary matter fields. It depends on the matter degrees of freedom A 
(and their derivatives VA) that are directly coupled to the metric e~'^gah- The dilaton field 
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^ is non-minimally coupled both to curvature and to the matter degrees of freedom. Due 
to the non-minimal coupling of the scalar field to curvature the Newton's constant is not a 
"true" constant. It varies from point to point like e~'^ . In effect, the field equations that are 
derivable from the action (4.1) are 

+ [-^\\ab + ^,a^,b + Qab^i^ ' 9ab{^i^)% (4.2) 

where Tab = ^^ '^''^^ f^; = 9"^""4'\\mn, and the bar denotes covariant differentiation in 
a metric sense, i.e., defined through the Christoffel symbols of the metric Qab- Recall that 
the theory is built over Weyl-integrable geometry so the affine connection does not coincide 
with the Christoffel symbols. Prom this equation one sees that Newton's constant G = e"'^. 
For the dilaton field (literally the curved extra-dimension) the variational principle yields 

R + uj{yil:f - 2ujDilj = -Sne-^T, (4.3) 

but, if we take the trace of Eq. (4.2) and combine it with Eq. (4.3) we obtain the following 
wave equation for the dilaton 

(2u; + 3) [D^j; - ( W)^] = 0. (4.4) 

The non-minimal coupling of the scalar field to the matter fields allows, in particular, for 
a variable rest mass m of matter particles in such a way as to preserve the "true" constant 
character of the dimensionless gravitational coupling constant Gm^. In fact, the equation 
of motion for point-like (uncharged and spinless) particles that is derivable from (4.1) is the 
following 

(Px"" 1 , rfx" dx"- ^„ dx"^ rfx" „ , , , 

where, in other to simplify writing, we have dropped the index 4 in the line-element ds^ — > ds. 
But we should keep in mind that it is an effective four-dimensional line element that is related 
to the five-dimensional one through Eq. (2.3). In Eq. (4.5) F^^ is the affine connection of the 
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four-dimensional spacetime of Weyl-integrable effective configuration. In Sec. Ill we showed 
that this equation can be put in the form of a geodesic over Weyl-integrable spacetime 
(compare with Eq. (3.5) and (3.8)) 

where = and the mass of the point-like particle depends on the spacetime point 

through the extra-coordinate ijj; m — e'^rriQ. Consequently, Gm — nriQ — const. It is an 
edifying result: our effective theory respects the strong equivalence principle (SEP). In fact, 
although the Newton's constant G varies over the four-dimensional spacetime manifold, the 
units of mass vary in such a way that no local changes in the laws of physics (including the 
laws of gravity) are "felt". The weak equivalence principle (WEP) is also preserved since 
particle's mass variations are the same for all particles living on the same brane. 

The dynamic equations for the matter degrees of freedom that are derivable from the 
action (4.1) are of the form 

T"'\\n + -fT = 0. (4.7) 

These can be written in terms of the affine covariant derivative of the Weyl-integrable 
structure as 

T'^!^ + 3V^,„T"" = 0. (4.8) 

The second term in the left-hand side of Eq. (4.8), i.e., the term that "breakes" vanishing 
of the affine covariant derivative, originates from variation of the units of measure that is 
inherent to spacetimes of Weyl-integrable configuration. It may be avoided by allowing the 
units of measure to vary in such a way that T"^ ^-sipj^ab^ Otherwise it may viewed as 
a signal from the extra-dimension. In fact, the dynamic equation of matter in the bulk 
spacetime is T^j^f = 0. It leads, in particular, that T".^ = implies T"!}^ + T".^ = 0. In 
other words, this equation takes into account possible interchanges of energy between the 
bulk and the branes through particles on the branes that can escape to the bulk or particles 
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propagating in the bulk that can enter the branes being trapped there. This situation is 
analogous to that taking place with point-like particles and that we have explained above 
in this section. In this last case variations of mass may be viewed as a signal from the 



extra-dimension (for a detailed analysis of a similar situation see reference [Q). 

The strongest constraint on any given theory of gravity is that it must contain general 
relativity as some limit or particular case. The present theory is a "generalization" of general 
relativity in the sense that it is a higher (Weyl)-symmetric description of gravity. At the 
same time Weyl-integrable geometry is a generalization of Riemann geometry which shows 
higher (conformal) degree of symmetry. Consequently, general relativity together with its 
geometrical scenario (Riemann geometry) may be recovered from the present description by 
breaking of the Weyl-symmetry. Symmetry breaking may be implemented either continously 
or spontaneously. In the first case it is expected that, some solutions of the wave equation 
(4.4) allow the dilaton field to evolve from an initial asymptotic state into another asymptotic 
state, meaning that Weyl symmetry is continously and asymptotically broken. The second 
case may be realized by introducing a symmetry breaking self-interaction potential for the 
dilaton in Eq. (4.1), for instance, of the form Ssb = d'^Xy/—ge~'^{il)'^ — V'o)^- this 
case the original Weyl-symmetry of the theory is spontaneously broken by the presence of a 
"true" constant dimensional value ipQ. 

The present formulation, besides, represents a generalization of general relativity in 
the sense that it is embeddable within the higher (five)-dimensional (distorted) Randall- 
Sundrum scenario. In this sense breaking of the original Weyl-symmetry causes brane 
geometry to be stabilized. In fact, once a given constant value of ip is reached (either 
spontaneously or continously) the location of the brane along the extra-coordinate is fixed 
in respect to the reference (Planck) brane located aX ip = In other words, brane stabi- 
lization is a direct consequence of conformal symmetry breaking. Consequently, studying 
four-dimensional effective gravity theories (built following a "four-dimensional way of think- 
ing" ) that are embeddable in higher- dimensional scenarios, may be relevant for the study of 
some issues that are inherent to these scenarios. 
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V. WE YL- SYMMETRIC EFFECTIVE THEORY AND SPACETIME 

SINGULARITIES 



In this section we shall study one of the more disturbing problems of classical gravity: 
the singularity problem. We shall see how the scenario developed in the former sections 
contributes to a possible resolution of this problem. 

The "distorted" RSL scenario proposed here is intended to explain physics somewhere 
after Planck epoch and before conformal symmetry is broken. This way, the early universe 
may be accommodate well in this model. Recall statement about strong evidence that the 
early universe underwent a phase where it was five- dimensional @J^. 

However, we shall go a step further and we shall conjecture that, even in the present epoch 
of the evolution of the universe when branes should be stabilized and conformal symmetry 
should be broken on cosmological scales, there are sites in our universe (presumably near of 
gigantic concentrations of energy) where conformal symmetry is yet an exact symmetry of 
the laws of physics. In this sense, we hope, that our distorted RSL scenario may change the 
standard black hole picture. With this in mind we shall first study the local problem for 
the static, spherically symmetric case and then the cosmological situation for Friedmann- 
Robert son- Walker (FRW) universe filled with a barotropic perfect fluid. 



A. The Schwarzschild solution 

There is an interesting suggestion in the literature that the Schwarzschild black hole 
may be considered as a "window" to the extra-dimensions by accommodating the static, 
spherically symmetric situation within the frame of Kaluza-Klein theory JlSl. Inspired by 



that work we shall consider a similar situation in the frame of our five-dimensional scenario by 
studying the corresponding solutions to the four- dimensional effective theory. Consequently, 
we shall consider that there are not any matter degrees of freedom on the "visible brane", 
i.e.. Tab = in Eq. (4.2) (literally the vacuum case). We shall use Schwarzschild coordinates 
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t, r, 9, 0, and, considering spherical symmetry we shall search for static solutions to equations 
(4.2) and (4.4). The corresponding solutions are of Agnese-LaCamera-type |1^JT^. In 
particular, a solution to Eq. (4.4) is found to be 

^-^, = -q\n{l ), (5.1) 

pr 

where ipo is an arbitrary integration constant, p and q are arbitrary parameters fulfilling the 
constraint equation 

/ + (2cj + 3)g' = 1, (5.2) 
and i^=4p-~|>~f- The solution to Eq. (4.2) yields the following four- dimensional 



line-element [17 



dsl = -(1 - —y-'^dt' + (1 - —yp-'^dr'' + pHn\ (5.3) 
pr pr 

where dVl^ = dO"^ + sin^ OdcfP' and the proper radial coordinate p = r(l — ^) has been 
defined. The curvature scalar of the four-dimensional metric is given as follows 

Wg^ 2m 



For a detailed analysis of this solution see Ref. [|T^ . The definition for the proper radial 
coordinate leads to the Schwarzschild radial coordinate being constrained: r > — . From 

O p 

Eq. (5.4) we see that, for p + g > 2, there is not any spacetime singularity within the allowed 
range of the Schwarzschild radial coordinate. This solution represents two asymptotic spatial 
infinities at r ^ ^ and r — oo respectively that are joined by a wormhole of throat radius 



[1 + p + q)— or the invariant surface given by pmin = (^^37)^2' J{p + qY — 1 — . From 



Eq. (5.1) it can be seen that r ^ implies ip 00, while r 00 yields ip — > ipQ. Geodesic 



completeness of the above solution has been studied in Ref. . 

Our four-dimensional wormhole solution may be viewed in the higher-dimensional "dis- 
torted" RSL scenario as a "five-dimensional" wormhole joining two asymptotically fiat 
branes, one with extra-coordinate if) = ipQ and the other at an infinite distance away from 
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this one. Falling into one such wormhole configuration one can travel in the fifth dimension 
without "feehng" it. In fact, the geodesic of a point-hke particle trapped in the "visible" 
brane lies all the time on a four- dimensional hypersurface properly bent as to provide such 
a static five-dimensional configuration. 

In this case Weyl symmetry is asymptotically broken on each of the asymptotic branes 
at ip = ipo and ip = oo. 



B. Friedmann-Robertson- Walker cosmology 

Now we shall apply the distorted RSL scenario and the Weyl-invariant effective theory 
developed here to the particular case of a four- dimensional flat FRW universe flUed with a 
barotropic perfect fluid obeying the equation of state p — (7 — 1)//, where /i is the energy 
density of the fluid and the barotropic index < 7 < 2. In this case equations (4.2,4.4) and 
the dynamic equation (4.8) may be simplifled by using the conformal technique. We first 
perform the conformal transformations of the metric 

gab = e'^'^Qab, (5.5) 

yielding that the wave equation (4.4) can be simplified to -|- 3Hip — 0, {H — where a 
is the conformal scale factor a — e '^a and the overdot accounts for derivative in respect to 

— 

the conformal time t = J dt . Integrating once this equation one obtains 

= ±§, (5.6) 

where Ci is an arbitrary integration constant. Integration of the dynamic equation conformal 
to Eq. (4.8) yields that the conformal energy density p, — e^'^/j, = where M is another 

integration constant. The equation for determining the conformal scale factor can be written 

as 

{-a'Sr = M#(--) + (5.7) 
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If one introduces a new time coordinate dt = dr], then Eq. (5.7) can be readily 
integrated to yield 

d{ri) = [^{v'-vlP, (5.8) 
where a = and r]o = J^^j^ - By integrating Eq. (5.6) one finds 

^^(r/) = ^0 ± Aaln(^^). (5.9) 
V 3 ri + riQ 

Now we should transform back our solution to the original frame to obtain for the scale 
factor the following behavior 

aHv) = (f )^e^[(ry-r^o)^^^'=(r] + r^o)^^^¥. (5.10) 

This solution shows two branches that are given by the choice of the "+" or "-" signs in 
Eq. (5.10). The four-dimensional Ricci scalar can be written as 



- -^i^^/f^^J'lCl . - (5.11) 

From this we see that the "+" branch is always singular at 77 = 770, i.e., for any k there 
is a cosmological singularity at the beginning of the conformal time coordinate. On the 
contrary, the "-" branch is singularity- free ii k > (— | >"-(;>— |). In this case the 
geometrical structure of the four-dimensional spacetime is a cosmological wormhole (see 
Ref. [|l^ for details). The cosmological time for this branch of the solution is given through 
the conformal time t] as 

to _ , 



«e2 ,M f^^,iv-VoV ^ Va'^^ 



t- = -^{-r^-^^ / dv [^^^^ — (5.12) 

SO, when r] rjo, —00 while t] +00 yields +00, i.e., the cosmological 

time —00 < < +00. This means that the dilaton (the curved extra-coordinate in our 
distorted RSL scenario) evolves, in this case, from ip' ~ 00 at ~ —00 into ip~ ~ ipQ at 
t~ ~ -|-oo. In our brane scenario this means that, in the distant past, we had an infinite 
separation of the "visible" and "Planck" branes in the extra-dimension (infinite volume 



of the extra-dimension). The position of the "visible" brane (recall that the Planck 
brane is the reference brane) evolves asymptotically into a final finite constant value ipo at 
the infinite future. In other words, the brane is stabilized at ipo asymptotically. In this 
case conformal (Weyl) symmetry is continously broken and standard general relativity over 
Riemann geometry is recovered asymptotically. 

Since our model pretends explaining the evolution of the four-dimensional effective world 
which we live in before Weyl symmetry breaks down, the "infinite future" t" — > -|-oo should 
be understood as that time when conformal symmetry breaking took place. 

VI. CONCLUSIONS 

In the present paper we developed a four-dimensional effective description of the laws 
of gravity that embeds naturally in a brane set-up that is a "distortion" of the known 
Randall-Sundrum scenario. This model contains ingredients that are inherent to the uni- 
fication scheme of the fundamental interactions. First, it is embeddable in a higher (five)- 
dimensional spacetime structure. In particular, the extra-coordinate appears in the effective 
theory in the form of a dilaton field. Geometrically it shows up in a distortion of the usual 
Riemann geometry into Weyl-integrable geometry over the four-dimensional spacetime man- 
ifold. Therefore the extra-coordinate affects the other laws of physics through variations of 
dimensional scales, for instance, variable masses of point-like particles, variable energy den- 
sity, etc. Second, the present scenario incorporates the symmetry breaking mechanism. 
Our four-dimensional effective theory is a Weyl invariant description of the laws of gravity. 
Standard general relativity can be recovered from it by breaking of this symmetry. 

In general, our formulation, is intended to describe the physics over a restricted time 
interval (possibly after the Planck era and before the conformal symmetry breaking era). 
However it is argued that, even at present, when conformal symmetry is broken on cosmo- 
logical scales, there are sites in our universe where conformal symmetry may be an exact 
symmetry of the laws of physics. In particular, near of gigantic concentrations of energy 
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(near of the gigantic black hole in the center of our galaxy), the "visible" brane which we 
live in, may appear distorted or bent by sensible curvature effects in the five-dimensional 
bulk and conformal symmetry may be present. Falling into one of these sites of gigantic 
energy concentration means, effectively, traveling in the extra-dimension. However, we never 
"feel" the extra-dimension since, our geodesic lies always on a four-dimensional hypersur- 
face properly bent as to provide the structure of a static five-dimensional wormhole joining 
two asymptotically flat branes. In other words, we have just a brane with a non-trivial 
topological structure embedded in the five-dimensional bulk. 

Our four-dimensional description may be relevant for the knowledge of the higher- 
dimensional structure. In fact, since the extra-dimension appears in our formulation in the 
form of a dilaton field fulfilling a given wave equation, the corresponding (four-dimensional) 
solutions contain information about the extra-dimension. In particular, the problem of brane 
stabilization in essentially five-dimensional formulations (as the original Randall- Sundrum 
model), being naturally linked with Weyl symmetry breaking, may be explicitly treated 
within the context of our effective (four-dimensional) description. In this sense, it is of 
interest, to extend the present formulation to include spontaneous breaking of the Weyl 
symmetry through inclusion of an appropriate symmetry breaking self-interaction potential 
for the dilaton (extra-coordinate) in the effective action of the theory. 

One of the most interesting features of the present set-up is that it respects both the 
weak equivalence principle and the strong equivalence principle. 

This approach may appear to be less general than postulating from the beginning a 
five-dimensional theory of gravity. However we think there are, at least, two reasons why it 
is edifying to elaborate on it. First, it represents a viable alternative to search for a four- 
dimensional theory consistent with higher dimensions based on a four-dimensional way of 
thinking. Second, searching for an effective four-dimensional theory pretending to represent a 
correct description of a higher-dimensional physics means avoiding additional complications 
related with boundary conditions in five-dimensional brane world scenarios. In particular 
the field equations may appear to be more familiar and more tractable. 
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